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II . ApPROXIMATE B ASIC EQUATIONS
We consider a three-dimensional anisotropic waveguide in Fig. 1 having a permittivity tensor with all nonzero off-diagonal ~l ements (oK'j (i, j = x, y, z) and the penneability of free space J.i-o. where ( 0 is the permittivity of free space and Kij is the relative permiuivity.
Maxwell's equations are, in component form Substituting (7) into (16), we obtain (1) and (6), we obtain
(2)
-Jk, Hx -aHz/ ax = Jw Dy aHy/ axil H,.I8y = JwD z (4) wh«e (5) a "" Kyy K zz -K i:
H, -(l/jk,)( all,/ ax + all,/ a y)
D,-(l /jk,j(aD, / ax+aD, / ayj (8) where Eit H I' and D j are the electric field, the magnetic field , and the electric flux density, respectively, and wand k z are the angular frequency and the wavenumber in the z-direction, respecti~ely. The constitutive relations are
Dy -fo{K"yE" + K)'}'Ey + Ky, Ezl
D, -fo(KxzE" + Ky, Ey + KuEzl.
We assume IK1jl« Ku (i oJ< j) and a small index variation in the lateral (x) direction, then we may approximate as Kjja/ ax+o, i+j.
(12) Considering (12), from (2) and (11) we obtain 1 (, l aD,)
Substitutin~ (S) into (13) and considering (9), (10), and (12), we obtain 1 [, I a (aE, aE,)]
Hy""" " Jk:
(aE aE,)
Hz'" jWlJ.o ay" -ax "
Considering (10)-(12) and eliminating E z and (6), we obtain (14) (15) between (5)
Substituting (14), (15). (17), and (I S) into (4), considering (12) and neglecting the terms of Ey in the same manner as in the isotropic case [7}. [121, we obtain K" a (a;.) a (a;.) K .. ax ax + ay ay
Similarly, substituting (17) and (IS) into (1) and neglecting the terms of Hy in the same manner as in the isotropic case [7}, (I21. we obtain K" J...(a")+J...(K" a" _ 'k K"" ,+ k ~;.) a ax ax ay a ay ) I a 'I' j °a (20) and (21) ~equations (20) and (21):
, Here, U is the cross section of the guide and the asterisk denotes complex conjugate. _ Dividing the cross section of the guide into a number of 2nd-order triangular elements as shown in Fig. 2 , $ in (22) and l/I in (23) within each element are defined in terms of ~~k and o/ k at the nodal points k (k=1,2,-' -,6), respectively, as follows:
[Here T, { . }, and { . f denote a transpose, a column vector, ~ and a row vector, respectively, and the shape functions Nt ~to N6 are given by N,~L,(2L, -I) 
where (X I' YI) are the Cartesian coordinates of the vertex I (l = 1, 2, 3) of the triangle.
Both cp and t/I fields exist in the medium (or media)
surrounding the optical waveguide, and these fields extend to infinity. One method for modeling the surround is imposing an artificial zero boundary condition for cp and t/I at a large enough distance from the guide. This method has as an advantage its simplicity and is widely used [2]- [8] ,
[12], [13] . Using this zero boundary condition and substituting (28) and (29) into (27), from (26) we obtain the following global matrix equation: and Hy . while those of the EJq modes are H" and Ey (10] . The subscripts p and q are used to designate the number of maxima of the dominant field in the x-and y-directions, respectively. In the case of a two-dimensional waveguide (a/ax = 0), (35) gives the exact expression for twodimensional guided modes {lS], [19] .
In order that a nontrivial solution of (35) may exist
must hold. This equation is the eigenvalue (dispersion) equation which determines the dispersion characteristics for the guided modes in anisotropic waveguides having a permittivity tensor with nonzero off-diagonal elements. In the present analysis, the Cholesky method, the Householder's method, the method of bisections, and the QR method are suitably used for solving (37).
IV. COMPUTED RESULTS
Equation (12) and neglect of Ey and Hy in (20) and (21) may not be valid for the neighborhood of cutoff frequency and for the higher order modes. Therefore, it is necessary to study the accuracy of the method.
First we consider isotropic dielectric waveguides which are analyzed by many researchers using a variety of methods [1]-[13] , [20] . Fig. 3 shows the dispersion characteristics for the fundamental Eft mode in an embossed waveguide and in a channel waveguide, where the index variation in the lateral direction of the channel waveguide is smaller than that of the embossed waveguide and the finite-element model uses 84 elements and 195 nodal points in one-half of the cross section. For the embossed waveguide, our results (solid lines) deviate from the results (dots) of the vectorial finite-element method [5] in the neighborhood of cutoff frequency when the width Wit is narrow ( Wit = 1 and 2). On the other hand, for the channel waveguide with Wit = 2, agreement between our results (dashed line) and the results (circles) of the vectorial finite-element method is good over a wide range of frequencies. In {12], the approximate scalar finite-element method is used for the analysis of an anisotropic channel waveguide with a diagonal permittivity tensor and a I-percent variation of the ordinary and extraordinary refractive indices of LiNb0 3 , and the results obtained agree very well with the results of the vectorial finite-element method (3] . Fig. 4(a) shows the dispersion characteristics for the E;q and EJq modes in a rib waveguide, where the finite-element model employs 180 elements and 399 nodal points in one-half of the cross section. The Ell (or Eft) and E21 (or Ell) modes are the lowest modes of the symmetric (p is odd) and antisymmetric (p is even) E;q (or EJq) modes, respectively. Our results for these modes agree well with the results of the mode-matching method [20] . However, our results for the higher order E31 and Eji modes are not in good agreement with the results of the mode-matching method, especially near the cutoff frequencies. Fig. 4(b) shows the dispersion characteristics for the fundamental Ell mode in the rib waveguide when the width Wit is altered. When the width Wit becomes narrow, our results deviate from the results (dots) of the mode-matching method. But our results are closer to the results of the mode-matching method than those (circles) of Marcatili's approximate analytical approach [10] . From Figs. 3 and 4 , we may conclude that the approximate scalar finite-element results are more acCUrate for the lower order modes in the waveguide of a small index variation in the lateral variations in accuracy are due to the scalar apprOXImations. As for the second example, we consider an anisotropic dielectric rectangular waveguide composed of a uniaxial medium. A typical division of this waveguide into 2nd-order triangular elements is shown in Fig. 5 , where the number of elements and of nodal points is 80 and 169, respectively. Figs. 6-8 show the dispersion characteristics for the guided modes in the anisotropic dielectric rectangular waveguides surrounded by an isotropic medium of refractive index 12.05, where the ordinary and extraordin~efractive indices of a rectangular core are /2. 3 1 and {2.19 . respectively. The optic axis c in Figs. 6, 7, and 8 lies in the xy-plane at an angle fJ -45 0 froin the x-axis ( K xy '" 0, K xl -K y: -0), in the xz·plane at an angle fJ = 45 0 from the z-axis (K xz " 0, K xy -K y: " 0), and in the yz-plane at an angle fJ -45 0 from the z·axis (Ky: ' * 0, Kxy = K x: = 0), respectively. Modes are designated as E;q (E;q-like mode) 92 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-J2, NO.6, JUNE 19R4 --." • • ,,,,-------------------------------------, ,., Fig. 8 . Dispersion characteristics for the anisotropic dielectric rectangular waveguide whose optic axis lies in the yz-plane. (a) W -2t.
if at a frequency near cutoff the electric field Ex is dominant and as EJ" (E/q-like mode) if at a frequency near cutoff the magnetic field Hx is dominant. As we can see from (35) and (36), in general, there is coupling between the field components E" and Hx via the off-diagonal element K i)" In the case of Kyz *-0 and K xy = Kxz = 0 in Fig. 8, the matrices [B ] and [C] in (35) vanish, and the E;q-modes group and the E/,,-modes group are separable in the present approach, For the waveguide in Fig. 6 , the region ABCD in Fig. 5 should be divided into elements because of the lack of symmetry of the field. The waveguide in Fig. 7 or 8 has a plane of symmetry, y = t /2 or x = 0, respectively. Therefore, for the waveguide in Fig. 7 or 8 the region ABGH or AEFD in Fig. 5 is divided into elements, respectively. Ohtaka [11] has analyzed the anisotropic dielectric rect-angular waveguide with W = 21 whose optic axis lies in the xy-plane using the variational method. Comparison of Our results for the waveguide in Fig. 6(a) with the results of the vectorial wave analysis using the variational method shows good agreement. This fact demonstrates the reliability of the present method. With reference to Figs. 6-8, effects of the direction of the optic axis and the guide-width on the dispersion characteristics of the guided modes can be observed. In the waveguide whose optic axis lies in the xy-or yz-plane, the fundamental mode is the Ell mode and in the waveguide whose optic axis lies in the xz-plane the fundamental mode is Eft mode. When the guide-width is made narrower, the cutoff frequency of each mode becomes higher and the frequency range of single-mode operation in each class of modes (the E;q-like modes and the E/q-like modes) becomes wider. The nonphysical spurious solutions do not appear in Figs. 3, 4 , and 6-8 because of the positive definite nature of (27).
V. CoNCLUSIONS
An approximate scalar finite-element method was developed for the analysis of three-dimensional anisotropic optical waveguides having a permittivity tensor with nonzero off-diagonal elements. In this approach, the nonphysical spurious solutions which are included in the solutions of the vectorial finite-element method in an axial components formulation do not appear.
The present approach may be applicable to the analysis of three-dimensional anisotropic diffused optical waveguides.
In the present approach, the artificial zero boundary condition is used at a large enough distance from the guide (bounded structure), so the entire mode spectrum is a discrete set of modes. The problem of how to deal with an open guided-wave structure (unbounded structure), including the continuous spectrum hereafter still remains.
